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We construct a candidate for the natural best L -approximation to an integrable
function, f, by elements of an L -closed convex proximinal set. If fis a Lebesgue
integrable function on [0, 1] and the approximating set is the set of all non-
decreasing functions, we show that our construction gives an extension of the
known natural best L,-approximation operator from {J,., L, to L,. In the
course of doing this, we also complete the characterization, given in (Huotari,
Meyerowitz, and Sheard, J. Approx. Theory 47 (1986), 85-91) of the set of all
best L,-approximations. Finally, in the case of isotonic approximation to a
function of several variables, we extend a previous result concerning the almost
everywhere convergence of the best [/ -approximations, p>1, to the natural
best L -approximation. € 1988 Academic Press, Inc.

1. INTRODUCTION

Let (,U,u) be a finite measure space. For 1< p<oo, let
L,=L,(2, u)andlet L, =),., L, Suppose feL, and C<L,is a
closed convex set which is proximinal, i.e., for any g in L,, there is an
L,-nearest point to gin C. If p>1 and fis in L,, let u,(f, C) be the set of
all best L -approximations of f'in C, i.e, the set of all g in C with

If—gll,=inf{llf—hl,he CAL,}.
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NATURAL BEST L ,-APPROXIMATION 133

If p>1, it is well known that u,(f, C) consists of a single function, which
we denote by f,.

An element £ in p,(f, C) is called a natural best L,-approximation of fin
C if for each g in u,(f, C), g #f,, there exists p(g)> 1 such that

If=£ill,<1f—gll, forall pin(l, p(g)) (1.1)

By Proposition 4 and Theorem 2 in [3], condition (1.1) is satisfied by a
unique element, f, of u,(f; C), f; is the unique best L,-approximation of f
in C minimizing

[17=glmif— gl an (1.2)

among all g in u,(f, C), and

o= hi inL,aspll (1.3)

Define the operator N: L,, — C by N(f)=f;. In this paper, we define
an operator N}¥: L, — C. We conjecture that N =N on L, . In the case
of isotonic approximation we show that this is so. (In a forthcoming paper
we will show that it is also true if C is the set of all functions measurable
with respect to an arbitrary sigma algebra.) In the case of isotonic
approximation on the unit n-cube, we show that the convergence in (1.3) is
pointwise almost everywhere.

2. A CANDIDATE FOR N(f), fe L,

Let f be an arbitrary element of L,. Our goal in this section is to con-
struct a “natural” best L,-approximation to fin C. If N were continuous
on L,,, the fact that the set of all simple functions is dense in L, would
make this an easy problem. The following example however, shows that N
is not continuous.

ExaMpPLE 2.1. Let 2=[0,1]<R, u=Lebesgue measure; let A be the
u-measurable subsets of Q and C the set of all constant functions. Let
S=1w0.127, 1€, f(x)=11if xe[0,1] and f(x) =0 otherwise. For £¢> 0, let
S =TIt 1243 Then || f— %], =¢ but f, =4 while f§=1. The same result
holds if, instead of constant functions, C consists of all nondecreasing
functions in L,.

For any functions g and A in L,, let gv A=max(g,h) and
g A h=min(g, k), and, for nonnegative integers m and n, denote the trun-
cations of g by g*"=g A n, g"°=gv (—m) and g™ = (g A n) v (—m).
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We construct our candidate for a natural best L,-approximation to f by
considering truncations of f.

For each pair (m, n) of nonnegative integers, /™" e L,,. Thus, f™ has a
natural best L -approximation, /7", in C. Also, if n>k>0 and 0 <m </,
then

fmn mek Zf[k-

Since N, and the operators f —infu,(f, C) and f—>supu,(f, C) are
monotone (see Proposition 5 and Lemma 3 in [3]), we have

sup i (f*%, O)2 2 f2 fEzinfuy(f70, C),  ae

Thus for all integers #> 0,

lim fjr=f" exists a.c. 2.1)
Jj—o @
and
inf u,(f*°, O)<frm<sup py(f°%, C) e (22)

It follows from (2.1) and (2.2) and the dominated convergence theorem
that f4* converges to f°" in L,. By Theorem 1 in [4], f" e u,(f*", C)
Since /7 > f7* a.e. For n >k, we have lim,, _, ,, f7">1lim,,_ . f7* a.e., or,

®n> ek ae for nzk. (2.3)

From (2.2) and (2.3) we conclude that

lim f&=f¢ exists a.e.

j—
and
inf u,(f*°, C)<fF<supuy(f°%,C) ae.
Again it follows from the dominated convergence theorem that
S -fF  inLjasj- o,

so Theorem 1 in [4] implies that /¥ e u,(f, C). We summarize our results
in the following lemma.

LemMma 2.2, If fe L,, then there exists an element f§ of u,(f, C) so that
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the natural best approximations to the truncations of f converge in L, to f'¥;
that is

lim ( lim f7)y=fF¥.

n—- o0 m-o LK

We conjecture that /= f, when feL, ..

3. THE NATURAL BEST ISOTONIC APPROXIMATION

In this section we restrict our attention to the case where Q=[0, 1] = R,
u=Lebesgue measure, A = all y-measurable sets and C = M, the set of all
nondecreasing functions on [0,1]. If p>1 and feL,, then

i —gll. <
gl:lL If =g, <111,

(since 0e M), whence p,(f, M)=p,(f, M L,). The set ML, is an L,-
closed convex lattice with a(M nL,)+bc ML, whena>0, beR, so the
results in [3] apply. We will show that the construction in Section 2
provides an extension of N,, from L,, to L,.

We begin with a construction of inf u,(f, M) and sup u,(f, M). This
construction is of independent interest.

For each ¢ in R, define

1,
h"(x):{l, flx)>e,

and & ( x)—jo (1) dt. Then k. is a continuous function of x and, for each
x, k.(x)1is contmuous from above as a function of ¢. Let

m,=min k (x)
and

x.=max{x: k. (x)=m_}.

Then x, S x,; whenever ¢ < d. Indeed, suppose that x> x, but ¢ <d. Since
kx.)=k(xz)+ |5 h(t)dt and k(x,)=kAx,)+ [ h, (1) dt, it is necessary
that [* A (t) dr<0 and §% h (1) dt>0. Thus there exists 7 in [x,, x.] such
that h,(t) > h (1), which contradicts the definition of 4,. Thus, there exists a
unique function f which satisfies the condition

{x: f(x)<c}=10,x.1], ceR

640/52/2-2
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Similarly, let

and

F.o=min{x:k(x)=M}

and let f be the function which satisfies the condition
{x: f(x)=c}=[x.,1], ceR.

THEOREM 3.1.  For f and f as defined above,

f=infu, (f, M)eu,(f, M) and  f=supu(f, M)eu(f, M)

Proof. By Lemma3 in [3], u,(f, M) is nonempty and contains
inf u,(f, M). Let g=infpu,(f, M). We wish to show that f=g. Since
f(0)=g(0)= —oo0, it is enough to show that /= g on (0, 1]. Suppose that
S(x) < g(x) for some x in (0, 1] and let ¢ = f(x). Since g is left continuous
on (0,1], [g<ec]=[0, x*] for some x*<x_.. Then k.(x*) =k (x,), so

wf <l [x%, x.]) 25 (3.1)

where u(A4; B) denotes the relative measure of 4 in B, ie., u(4;B)=
u(A n B)/uB. Since g is not constant at x*, (2) in [1] gives

ulf<gl[x* x 1<% (3.2)
Since ¢ < g on [x*, x.], (3.1) and (3.2) show that

wlf<el [x*x1)=3
and

wle<f<gl;[x* x.]1)=0.

We now will show that there is a function ¢ M with || f—¢|, < | f— gll,
and ¢ > g on [x*, x_.], contradicting the choice of g. Let

c, xe[x* x.]
g(x) otherwise.

¢(X)={
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We have seen that almost everywhere on [x*, x,], either f<c<g (so
h.=—1)orc< g<f(so h.=1). Thus

1=l =1~ gl =] (g()—¢) h(x) dx

Re

=jiJ””’h4x)4ydx

X e

= jg(m r( h(x)dxdy

¢ g 1w

glxe)
= [ hdx) — kg (DT dy,
where g~ '(y) =inf{x: g(x) > y}. By definition of x_, the last integrand is
always nonpositive so || f— ¢, — || f— gll; €0. Since ¢ < g on [x*, x.], we
have a contradiction, so > g.
Suppose now that f(x)> g(x) for some x in (0, 1]. Let c= g(x) and let
[g<c]=10,x*]. Then x, < x< x* and k(x, ) <k.(x*) so

w(lf>cl: [x, x*1) >3 (33)

Either x*=1 or 0<x*< 1. In the second case g(z)> g(x*) whenever
t>x*, so (3)in [1] implies that

mlf<gllx,x*N=3 (3.4)

If x*=1, then (4) in [1] gives (3.4). Since g<c on [x., x*], (3.3) and
(3.4) are contradictory. Thus f< g, so f=g.

The demonstration that f=sup u,(f, M) is similar. This concludes the
proof of Theorem 3.1.

We now recall a characterization of u,(f, M) which was given in [1]. In
that paper f and f were defined differently than they are here, but
Theorem 3.1 shows that both definitions give the same functions. Let U be
the union of all maximal open intervals on which f and f are constant and
unequal. In [1] it was shown that f = f almost everywhere on [0, 1]— U.
Define 4: [0, 1] - R by

1, f(x)= f(x)> [(x)
hx)={ =1,  f(x)<f(x)<f(x)

0, otherwise.

Also let

uﬂ=fmnm (3.5)
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As shown in [1], [k=0]> ([0, 1]—-U), ([k=0]n U) has measure zero,
and for any g in M, ge u,(f, M) if and only if

(i) f<g<fon[0,1]and
(ii) g is constant on each component of [k #0].

The characterization in [1] was partial in that it was not shown how
inf u,(f, M) and sup u,(f, M) depend on f. A by-product of Theorem 3.1 in
the present paper is that the characterization is now complete. It also
allows us to establish that N7, extends N,,.

The following lemma will combine with property (1.2} of the natural best
L,-approximation to give our result. For notational convenience, we
denote /™ by f™ and S by f7 for any nonnegative integers m and n.

LEMMA 3.2. Suppose fe L, and ge u(f, M). Then for each pair (m, n)
of nonnegative integers g™ e yu,(f™, M).

Proof. We first use Theorem 3.1 to describe /™" and /™ and then use
conditions (i) and (ii) to show that g™ is in u,(f™", M). For each ceR,
define k™", k™, x7", ™, and U™ in the same way that k, k., x,, X, and U
are defined for f. Then x?" =0 for c< —m, x™" =x, for —m<c<n and
xm=1 for ¢=n Thus f™=(f)" on (0,1] (f™(0)= —o0). Similarly,
fm=(F)™ on [0, 1). Clearly /™ < g™ < f™ on [0, 1], since f < g< /.

Let B be any component of [£™ #0]. To complete the proof we must
show that g™ is constant on B. To that end, we observe that B is com-

pletely contained in one of the sets
A =[f<-m]=[0,x_,], A;=[f>2n]=[x,,1], and A;=(x_,, x,).

In either of the first two cases g™ is surely constant on B. Finally,
examination of the definitions shows that A”"=#h on (x_,,, x,) while
k(x_,)=k™(x _,,)=0, so k™ =k on A;. Thus, if B is a component of
[k™ #07] N A,, it is also a component of [k # 0]. Since g is constant on B,
so is g™".

Note that lim,_ . (lim,,_ . g™"(x))=g(x) and |g™(x)| <|g(x)| for
each x in [0,1],s0 g™ —> gin L,.

TueorReM 3.3. IffelL,,, then f¥=/,.
Proof. 1t suffices to show that

[1r=rtimif=rri<[ir—glmif—g (3.6)
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for every g in u,(f, M). Given g in u,(f, M), let { g™} be the sequence
guaranteed by Lemma 3.2. Then, for every m, n =0,

[1rmm =g = prm < f L= g™ nl = gl (3)

Let m— oo and then let n - oo in (3.7) to get (3.6). This concludes the
proof.

Since the best L,-approximation we have constructed is the natural best
L,-approximation when fis in L, , we have indeed extended the operator
Ny from L, to L,.

4. ALMOsT EVERYWHERE CONVERGENCE OF f, TO f|

In this section we generalize a result from [2] concerning the
convergence of the best L, -approximations, p>1, to the natural best
L,-approximation by nondecreasing functions.

For n=1, let  be the unit n-cube, [0, 1]". Let u denote n-dimensional
Lebesgue measure on Q2 and let A consist of the p-measurable subsets of Q.
If x=(x;,x5,..x,) and y={(y,, y5, .., ¥,) are elements of Q, we write
x< yif x;< p;for 1 i< n A function g: Q — R is said to be nondecreasing
if x, yin Q and x < y imply that g(x)< g(y). Let M consist of all non-
decreasing functions. Let fe L, and, for 1 < p<g< oo, let p,(f, M)={f,}.
In [2] it was shown that, for fe L, as p decreases to one, f, converges
almost everywhere to f|, the natural best L;-approximation to f by
elements of M. We now show that this result is also true if f is only
assumed to be in L, .

Lemma 4.1. If {gk>1}cM and g~ g' in L,, then g8 — g' almost
everywhere.

Proof. Since a subsequence of { g*} converges to g' almost everywhere,
g'e M. By Theorem 1.1 in [2], g' is continuous almost everywhere. If
Lemma 4.1 were false, there would be a point y in the interior of Q at
which g! is continuous but g*(y) does not converge to g'(y). Since
{g*(y)} has a subsequential limit d # g'( y) and since any subsequence of
{g"} converges in L, to g', we may suppose that g“(y) — d. The argument
for d < g'(y) is similar to that for d> g'(g), so we give only the latter: Let
d* = (d+ g'(y))/2. Since g! is continuous at y, there exists a point z> y
such that for each x in the set

J={x1y,<X,<zys 0y Y,<X,<Z,},
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g'(x) < d*. Since there exists K such that for each k> K, g*(y)>d* and
since each g* is nondecreasing, we have
r(gk—gl)dx>f (d*—g")dx>0

Y

for every k = K, a contradiction. This establishes Lemma 4.1.

THEOREM 4.2. If €L,,, then f, converges almost everywhere as p
decreases to one to the natural best L,-approximation to f in M.

Proof. By Proposition4 and Theorem 2 in [3], f,~ f, in L, as p
decreases to one. We may now apply Lemma 4.1.
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